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EXTENDED AFFINE ROOT SUPERSYSTEMS 


Malihe Yousofzadeh 


Abstract. The interaction of a Lie algebra C , having a weight space decom¬ 
position with respect to a nonzero toral subalgebra, with its corresponding 
root system forms a powerful tool in the study of the structure of C. This, in 
particular, suggests a systematic study of the root system apart from its con¬ 
nection with the Lie algebra. Although there have been a lot of researches in 
this regard on Lie algebra level, such an approach has not been considered on 
Lie superalgebra level. In this work, we introduce and study extended affine 
root supersystems which are a generalization of both affine reflection systems 
and locally finite root supersystems. Extended affine root supersystems appear 
as the root systems of the super version of extended affine Lie algebras and in¬ 
variant affine reflection algebras including affine Lie super algebras. This work 
provides a framework to study the structure of this kind of Lie superalgebras 
refereed to as extended affine Lie super algebras. 


0. Introduction 

Lie algebras having a weight space decomposition with respect to a nonzero 
abelian subalgebra, called a toral subalgebra, form a vast class of Lie algebras. 
Locally finite split simple Lie algebras EO, extended affine Lie algebras [T] , toral 
type extended affine Lie algebras [2], locally extended affine Lie algebras [10] and 
invariant affine reflection algebras jl2] are examples of such Lie algebras. We can 
attach to such a Lie algebra, a subset of the dual space of its toral subalgebra called 
the root system. The interaction of such a Lie algebra with its root system offers an 
approach to study the structure of the Lie algebra via its root system. This in turn 
provokes a systematic study of the root system apart form its connection with the 
Lie algebra; see in, m, m and jT2j. Although since 1977, when the concept of Lie 
superalgebras was introduced [B], there has been a significant number of researches 
on Lie superalgebras, the mentioned approach on Lie superalgebra level has not 
been considered in general. The first step towards such an approach is offering an 
abstract definition of the root system of a Lie superalgebra. In 1996, V. Serganova 
m introduced the notion of generalized root systems as a generalization of finite 
root systems; see also [4]. The main difference between generalized root systems 
and finite root systems is the existence of nonzero self-orthogonal roots. Serganova 
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classified irreducible generalized root systems and showed that such root systems 
are root systems of finite dimensional basic classical simple Lie superalgebras [6] 
except for type A(l, 1). She also gave two alternative definitions for generalized root 
systems. In a generalized root system for two self-orthogonal roots which are not or¬ 
thogonal, either their summation or their subtraction (and not both) is again a root 
while according to the first alternative definition both summation and subtraction 
of two self-orthogonal roots which are not orthogonal, can be roots; this in particu¬ 
lar allows to obtain type A( 1, 1) as well. In this work, we introduce extended affine 
root supersystems and systematically study them. Roughly speaking, a spanning 
set R of a nontrivial vector space over a field F of characteristic zero, equipped with 
a symmetric bilinear form, is called an extended affine root supersystem if the root 
string property is satisfied. R is called a locally finite root supersystem if the form 
is nondegenerate. Irreducible locally finite root supersystems have been classified 
in PS]. One also knows from [T9] that root string property for a locally finite root 
supersystem can be replaced by the locally finiteness of the real part. Generalized 
root systems according to the first alternative definition mentioned above, are noth¬ 
ing but finite locally finite root supersystems defined over the complex numbers. 
Locally finite root supersystems naturally appear in the theory of locally finite Lie 
superalgebras; see □33 and [2D]- Extended affine root supersystems are extensions 
of locally finite root supersystems by abelian groups and appear as the root sys¬ 
tems of extended affine Lie superalgebras introduced in [20]; in particular the root 
system of an affine Lie superalgebra |TB] is an extended affine root supersystem. 
The nonzero elements of an extended affine root supersystem are divided into three 
disjoint parts: One consists of all real roots, i.e., the elements which are not self- 
orthogonal. The second part is the intersection of the radical of the form with 
the nonzero elements; the elements of this part are called isotropic roots. The last 
part consists of the elements which are not neither isotropic nor real and referred 
to as nonsingular roots. An extended affine root supersystem with no nonsingular 
root is called an affine reflection system [T2] and an affine reflection system with no 
isotropic root is called a locally finite root system |H]. 

The concept of a base is so important in the theory of affine reflection systems and 
the corresponding Lie algebras. More precisely, reflectable bases are important in 
the study of the structure of locally extended affine root systems [T8] and integral 
bases are important in the theory of locally finite Lie algebras m- A linearly 
independent subset II of the set of real roots of an affine reflection system is called 
a reflectable base if all nonzero reduced real roots can be obtained from the iterated 
action of reflections based on the elements of II. Reflectable bases for affine reflection 
systems have been studied in [3] . A linearly independent subset II of a locally finite 
root supersystem R is called an integral base if each element of R can be written 
as a Z-linear combination of the elements of II. 

In this work, we first derive some generic properties of extended affine root su¬ 
persystems and locally finite root supersystems and then describe the structure of 
extended affine root supersystems. It is immediate from our results that an irre¬ 
ducible locally finite root supersystem can be recovered from a nonzero nonsingular 
root together with a reflectable base of the real part using the iterated action of 
reflections. We also show that each locally finite root supersystem R possesses 
an integral base and that if R is infinite, then it has an integral base II with the 
property that each element of R \ {0} can be written as riai + ■ ■ • + r n a n in which 
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n,... ,r n £ {±1} and {or, ..., a n } C II with rim + ■ ■ ■ +rtat £ R for all 1 < t < n. 
The result of this paper forms a framework to study the locally finite basic classical 
simple Lie superalgebras ED- 


1. Generic Properties 

Throughout this work, F is a field of characteristic zero. Unless otherwise men¬ 
tioned, all vector spaces are considered over F. We denote the dual space of a vector 
space V by V*. We denote the degree of a homogenous element u of a superspace 
by |u| and make a convention that if in an expression, we use |u| for an element u of 
a superspace, by default we have assumed u is homogeneous. We denote the group 
of automorphisms of an abelian group A or a Lie superalgebra A by Aut(A) and 
for a subset S of an abelian group, by (S), we mean the subgroup generated by S. 
For a set S, by |Sj, we mean the cardinal number of S. For a map / : A —>■ B and 
C C A, by / C, we mean the restriction of / to C. For two symbols i,j, by Sij, 
we mean the Kronecker delta, also |+J indicates the disjoint union. We finally recall 
that the direct union is, by definition, the direct limit of a direct system whose 
morphisms are inclusion maps. 

In the sequel, by a symmetric form (with values in F) on an additive abelian 
group A , we mean a map A x A — > F satisfying 

• (a, b) = (b, a) for all a,b £ A, 

• (a + b, c) = (a, c) + ( b , c) and (a, b + c) = (a, b) + (a, c) for all a, b, c £ A. 

In this case, we set A 0 := {a £ A \ (a, A) = {0}} and call it the radical of the form 

The form is called nondegenerate if A 0 = {0}. We note that if the form is 
nondegenerate, A is torsion free and we can identify A as a subset of Q <8>z A. In 
the following, if an abelian group A is equipped with a nondegenerate symmetric 
form, we consider A as a subset of Q Cg>z A without further explanation. Also if V 
is a vector space over a subfield K of F, by a symmetric bilinear form (with values 
in F) on V, we mean a map (-,-): V x V —> F satisfying 

• (a, b) = (b, a); (a, b £ V), 

• (ra+6, c) = r(a, c)+(6, c) and (a, r&+c) = r(a, 6)+(a, c); (a, b, c £ V, r £ K). 

We set V° := {a £ V \ (a, V) = {0}} and call it the radical of the form (-, •). The 
form is called nondegenerate if V° = {0}. We draw the attention of the readers to 
the point that for a K-vector space V equipped with a symmetric bilinear form (-, •) 
with values in F and a subgroup A of V. the nondegeneracy of (-, •) and (-, •) \axA 
are not necessarily equivalent. 

In this section, we first define an extended affine root supersystem and then study 
some generic properties of extended affine root supersystems. Proposition II. Ill and 
Lemma ri. 171 are used to get the structure of extended affine root supersystems. 

Definition 1.1. Suppose that A is a nontrivial additive abelian group, R is a 
subset of A and (-, •) : A x A —> F is a symmetric form. Set 

R° := RH A 0 , 

R x :=R\R°, 

Rf e := {a £ R \ ( a , a) ^ 0}, R re := Rf e U {0}, 

R x s :={a£R\R°\ (a,a) = 0}, R ns := R x s U {0}. 
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We say (A, (•, •),f?) is an extended affine root supersystem if the following hold: 

(51) 0 G R and ( R) = A, 

(52) R = -R , 

(53) for a G R* e and /3 £ R, 2(a,/3)/(a, a) G Z, 

(root string property) for a G R* e and f3 G R, there are nonnegative integers 
p , q with 2 (/?, a)/(a, a) = p — q such that 

{/? + ka | k G Z} (~l 1? = {/3 — pa,..., ft + ga}; 
we call {/? — pa,..., (d + qa} the a-string through /3, 

(55) for a G R ns and /3 £ R with (a, /3) 0, {/3 — a, ft + a} C R ^ 0. 

If there is no confusion, for the sake of simplicity, we say R is an extended affine 
root supersystem in A. Elements of R° are called isotropic roots, elements of R re 
are called real roots and elements of R ns are called nonsingular roots. A subset 
X of R x is called connected if each two elements a,/3 G X are connected in X 
in the sense that there is a chain a\,...,a n G X with a.i = a, a n = /3 and 
(a*, aj+i) f 0, i = 1,..., n — 1. We say an extended affine root supersystem R is 
irreducible if R re {0} and R x is connected (equivalently, R x cannot be written 
as a disjoint union of two nonempty orthogonal subsets) and say it is tame if for 
each a G R°, there is /3 G R x such that a + /3 G R. An extended affine root 
supersystem ( A , (•, -),R) is called a locally finite root supersystem if the form (■, •) 
is nondegenerate and it is called an affine reflection system if R ns = { 0 }. 

Example 1.2. (1) Suppose that £ is a finite dimensional basic classical simple Lie 
superalgebra with a Cartan subalgebra of the even part and corresponding root 
system R. One gets from the finite dimensional Lie superalgebra theory that R is 
a locally finite root supersystem; see m- 

(2) Suppose that £ is a contragredient Lie superalgebra of finite growth with 
symmetrizable Cartan matrix [16], then the corresponding root system is an ex¬ 
tended affine root supersystem; see [20] Exa. 3.4 & Cor. 3.9]. 

Lemma 1.3. Suppose that ( A , (•, •),!?) is an extended affine root supersystem. 

(i) If a G R re and S G R ns with (5, a) 0, then there is a unique r G {±1} such 
that S + ra G R. 

(ii) If S G Rf s , then there is p G R ns with ( S,r]) 0. 

Proof, (i) By (S5), there is r G {±1} such that 5 + ra G R. Suppose to the 
contrary that for r, s with {r, s} = {1, —1}, we have j3 := S + sa ,7 := S + ra G R. 
Since (ft, 6), (j,S) ^ 0, we get ^,7 ^ R°. Also we know that at most one of the 
roots j3,j can be a nonsingular root. Suppose that /3 is a nonzero real root, then 
(/3, /?) 0 and so m := 2 ^’°^ G Z \ {—1}. Since j3 G Rf e , we have 

m 2 s(<5, a)/(a, a) 2 s(S,a) 2(5, <5+ sa) 

1 + m 1 + 2 s(5,a)/(a,a) (a, a) + 2s(<5, a) (<5 + sa, 5 + sa) 

= 2(M)/G8,/3)eZ. 

This implies that m = —2. Now considering the sa-string through <5, we find 
nonnegative integers p, q with p — q = —2 such that {<5 + ksa \ k G Z} n R = 
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{S—psa, ..., 5+qsa}; in particular as 8—sa = S+ra = 7 G R, we have 5+3sa G R. 
But 


(5 + 3sa, 8 + 3sa) = 6s(<5, a) + 9(a, a) = — 6 (a, a) + 9(a, a) = 3(n, a) ^ 0 

and 

2(a, <5 + 3sa) 2(a,S) + 6s(a,a) —2s(a,a)+6s(a,a) 4s 

(5 + 3sa, 8 + 3sa) 3(a,a) 3(a,a) 3 

a contradiction. This completes the proof. 

(ii) Since 8 € R x s , we have 8 0 A 0 . Therefore, there is a £ R x with (8, a) ^ 0. If 
a is nonsingular, we are done, so suppose a € R x e . Set n := 2 ^’a) ^ Considering 
the a-string through 8 , we find nonnegative integers p, q with p — q = n such that 
{k £ Z | 8 + ka G I?} = {—p,..., g}. Since — p < — n < q , we have 77 := <5 — na G 5. 
Now we have (<5, 77 ) = (8,8 — na ) = — n(8 , a) 0 and ( 77 , rj) = (8 — na, 8 — na) = 
n 2 (a, a) — 2n(8, a) = 0. So 77 G i? ras with (<5, rf] ^ 0. □ 

Lemma 1.4. Suppose that A is a nontrivial additive abelian group, R is a subset 
of A and (•,•) : A x A —> F is a nondegenerate symmetric form. If (A, (■,■), R) 
satisfies (SI), (S 3) — (55), then (52) is also satisfied. 

Proof. We assume a G R. We must prove that —a G R. If a G Rf e , then the 
root string property implies that a — 2a G R and so —a G R. Next suppose that 
a G R^s: then using the same argument as in Lemma HTSI mI. we find 77 G R ns with 
(a,rj) ^ 0. So there is r G {±1} with /3 := a + rp G R. Since 5 €= R r ei we have 
—8 G R re ■ On the other hand, (—/?, 77 ) ^ 0, so either — /? + 7-77 G R or —/3 — rq € R. 
But if —/3 — 7-77 = —a — 27-77 £ -Rj we get —c* — 2 r ?7 G i?* e while 

2, fa. 2 il-a-Zrn) r/2 g z 

(—p — rrj, —p — rr/) (—a — 2rq, —a — 2rrf) 
which is a contradiction. So —a = —f3 + rrj G R. □ 

Definition 1.5. Suppose that (A, (•, -),R) is a locally finite root supersystem. 

• The subgroup W of Aut(A) generated by r a (a G R* e ) mapping a G A to 
a — 2 jfa2) a , ca hed the Weyl group of R. 

• A subset 5 of R is called a sub-supersystem if the restriction of the form to 
(5) is nondegenerate, 0 G 5, for a G 5 fl Rf e , /3 G 5 and 7 G 5 f~l 5 ras with 

(8,7) r a ( 8 ) S 5 and { 7 - 8,7 + 8 } C 5 ^ 0 . 

• A sub-supersystem 5 of i? is called Z -linearly closed if R fl (span z S) = 5. 

• If (A, (•,•), R) is irreducible, R is said to be of real type if spanQi? re = Q®z A; 
otherwise, we say it is of imaginary type. 

• If {Ri | i G /} is a class of sub-supersystems of R which are mutually 
orthogonal with respect the form (•, •) and R\ {0} = Wj e j(Rj \ {0}), we say 
R is the direct sum of Rf s and write R = ®ie/R»- 

• The locally finite root supersystem (A, (•, •), R) is called a locally finite root 
system if R ns = {0}. 

• (A, (-,-), R) is said to be isomorphic to another locally finite root super¬ 
system (B, (-,■)', 5) if there is a group isomorphism ip : A —> B and a 
nonzero scalar r G F such that <p(R) = S and ( 01 , 02 ) = r(<p(ai), <p(o 2 )) / 
for all ai,ci 2 G A. 
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Remark 1.6. (i) Locally finite root systems initially appeared in the work of K.H. 
Neeb and N. Stumme m on locally finite split simple Lie algebras. Then in 2003, 
O. Loos and E. Neher [5] systematically studied locally finite root systems. In their 
sense a locally finite root system is a locally finite spanning set R of a nontrivial 
vector space V such that 0 £ R and for each a £ I?\{0}, there is a functional a £ V* 
such that a(a) = 2, a(/3) £ Z for all (3 £ R and that (3 — a(j3) a G R. It is proved 
that locally finiteness can be replaced by the existence of a nonzero bilinear form 
which is positive definite on the Q-span of R and invariant under the Weyl group; 
moreover such a form is nondegenerate and is unique up to a scalar multiple if R 
is irreducible j 8 j §4.1], Also a locally finite root system R in V contains a Z-basis 
for (R) [9] Lem. 5.1]. This allows us to have a natural isomorphism between V and 
F <8>z ( R ) and so it is natural to consider a locally finite root system as a subset of 
a torsion free abelian group instead of a subset of a vector space. 

(ii) Suppose that S' is a sub-supersystem of a locally finite root supersystem R , 
then S re is a locally finite root system by [191 §3.1] and j8] §3.4]. Now the same 
argument as in [19] Lem. 3.12] shows that the root string property holds for S. 
This together with Lemma ITT! implies that S is a locally finite root supersystem in 
its Z-span. 

Suppose that T is a nonempty index set with |T| > 2 and U := is the 

free Z-module over the set T. Define the form 

( v ):WxM —> F 




(c,£j) l -> Sij, for i,j 

e T, 

and set 





At '.= 

{?i-ej 1 bi e T}, 



Dt * = 

A t U {±(ei + €j) | i,j 

G T, i A h 

( 1 . 1 ) 

Bt ■— 

D t U {±ej | i G T}, 



C T := 

Dt U {±2 a | i G T}, 



BCt • 

= Bt U Ct • 



These are irreducible locally finite root systems in their Z-span’s. Moreover, each 
irreducible locally finite root system is either an irreducible finite root system or 
a locally finite root system isomorphic to one of these locally finite root systems. 
We refer to locally finite root systems listed in ED as type A,D,B,C and BC 
respectively. We note that if R is an irreducible locally finite root system as above, 
then (a, a) G N for all a G R. This allows us to define 

R s h := {a G R x \ {a,a) < (/3,/3); for all (3 G R}, 

R ex := R (~l 2 R sh and R ig := R x \ ( R sh U R ex ). 

The elements of R s h (resp. Ri g ,R ex ) are called short roots (resp. long roots, extra- 
long roots) of R. We point out that following the usual notation in the literature, 
the locally finite root system of type A is denoted by A instead of A, as all locally 
finite root systems listed above are spanning sets for F U other than the one of 
type A which spans a subspace of codimension 1 . 

Lemma 1.7. (i) If {(Ay (•, •);, Si) \ i G /} is a class of locally finite root super¬ 
systems , then for X := and (-, ■) := (X, S := U ig /S*) is a 

locally finite root supersystem. 

(ii) Suppose that ( A , (•, •), R) is a locally finite root supersystem. Connectedness 
is an equivalence relation on R\{0}. Also if S is a connected component of R\{ 0}, 
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then S U {0} is an irreducible sub-supersystem of R. Moreover, R is a direct sum 
of irreducible sub-supersystems. 

(Hi) Suppose that (A, (•,•), R) is a locally finite root supersystem. For A re := 
(R re ) and (■,•)„ := (•,•) \ ArcXA , (A re , (•, -) re , R re ) is a locally finite root system. 

Proof. See pj2 §3]. □ 

We also have the following straightforward lemma: 

Lemma 1.8. Suppose that ( A , (•, -),R) is an irreducible locally finite root supersys¬ 
tem, set V := F A and identify A as a subset of V. Then V = span ¥ R re if and 
only if R is of real type. 

In the following two theorems, we give the classification of irreducible locally 
finite root supersystems. 

Theorem 1.9 QT5} Thm. 4.28]). Suppose that T,T' are index sets of cardinal 
numbers greater than 1 with |T| ^ IT'I if T,T' are both finite. Fix a symbol a* 
and pick to £ T and po £ T'. Consider the free Z-module X := Za* © © 

©pgx'Z^p and define the symmetric form 

( v ) :X X X — > F 

by 

{a*, a*) := 0 ,(a*,e to ) := 1, (a*,6 Po ) := 1 

(a*,et) :=0 ,(a*,6 q ) := 0 t £ T \ {i 0 }, q £ T \ {p 0 } 

(o• Jp) .— 0, (et, e s ) .— bt,si ■— ^p.g t.,s G T, p, g £ T . 

Take R to be R re U f?* s as in the following table: 


type 

Rre 

DX 

JA'ns 

A(0,T) 

{et — ts | t, s £ T} 

±Wa* 

C(0, T) 

(±(e t ±e s ) | i,s € T} 

±Wa* 

A(T, T') 

{et - e s , 5 P - 5 q \ t,s £T,p,q £ T'} 

±Wa* 


in which W is the subgroup of Aut(X) generated by the reflections r a (a £ f? re \{0}) 
mapping /3 £ X to /3 — 2 ^’a) then ( A := {!?),(•,•) |axA,-R) is an irreducible 
locally finite root supersystem of imaginary type and conversely, each irreducible 
locally finite root supersystem of imaginary type is isomorphic to one and only one 
of these root supersystems. 

Theorem 1.10 (|lUJ Thm. 4.37]). Suppose n £ {2,3} and (Xi, (•, -)i, Si), ..., (X n , (•, •)„, S„), 
are irreducible locally finite root systems. Set X := Xi®- ■ -®X n and (-, •) := (•, -)i® 

■'•©(•) •)n and consider the locally finite root system (X, (•, •), S := Si © ■ ■ ■ © S n ). 

Take W to be the Weyl group of S. For 1 < i < n, we identify Xi with a subset of 
Q Xi in the usual manner. If 1 < * < n and Si is a finite root system of rank 
I > 2, we take {u>\, ..., ui\j C Q to be a set of fundamental weights for Si (see 

EH Pro. 2.7 ]) and if Si is one of infinite locally finite root systems Bt,Ct, Dt or 
BCt as in any, by uj\, we mean ei, where 1 is a distinguished element ofT. Also 
if Si is one of the finite root systems {0, ±ct} of type A± or {0, ±a, ±2a} of type 
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BCi , we set oj\ := \a. Consider S* and R := R re U R* s as in the following table: 


n 

Si (1 < i < n) 

Rre 

8 * 

*2, 

type 

2 

Si = A e , S 2 = A e ((£ 7 .— 1 ) 

Si © S2 

+ uf 

±W<5* 

A(£,i) 

2 

Si = B T , S 2 — BCrp, (|T|,|T'|>2) 

-Si © S2 


W<5* 

B(T, T') 

2 

Si = BC t , S 2 = BC t , (|T|, \T'\ > 1) 

Si © S2 

t^l + tL>l 

W5* 

BC(T, T') 

2 

Si = BC t , S 2 = BC t , (|T| = 1, |T'| = 1) 

-Si © S2 

2ci>i -|- 2a>i 

W<5* 

BC(T, T') 

2 

Si = BC t , S 2 = BC t , (|T| = 1, |T'| > 1) 

Si © S2 

2 a; j -|- a;^ 

W<5* 

BC(T, T') 

2 

Si = D t , S 2 = C T , (|T| > 3, |T'| > 2) 

Si © S2 

W 1 + tL>l 

W<5* 

D(T, T') 

2 

Si = C T , S 2 = C T , (|T|, |T'| > 2) 

Si © S2 

aii + cl>i 

WS* 

C(T, T') 

2 

Si = Aj, S 2 = BCt (|T| = 1) 

-Si © S2 

2 a;} -|- 2a;} 

W 8 * 

-6(1, T) 

2 

Si = Aj, S 2 = BC t (|T| > 2) 

•S' 1 © S2 

2a>} -|- to -| 

W 8 * 

6(1, T) 

2 

Si = Aj, S 2 = C T (|T| > 2) 

Si © S2 

a^i + aii 

W 8 * 

<7(1, T) 

2 

Si = Ai, S2 = 63 

-Si © S2 

CPt" -[- a*?} 

W 8 * 

AB(1, 3) 

2 

Si = Aj, S 2 =n T (|T| > 3) 

•S' 1 © S2 

“1 + 

W<5* 

6(1,T) 

2 

Si = BCj, S 2 = S T (|T| > 2) 

Si © S2 

2 a; | -|- a;} 

W 8 * 

6(T, 1) 

2 

Si = BCi, S 2 =G 2 

•S' 1 © S2 

2a; 1 -|- a;} 

WS* 

G(l,2) 

3 

S 1 = Ai, S2 = Ai, S3 = A\ 

Si © S2 © S3 

“l + “r + “f 

WS* 

6(2, 1, A)(A ^ 0, -1) 

3 

Si = Ai, S 2 = Ai, S 3 := C T (|T| > 2) 

Si © S2 © S3 

a;} + a>i + a>i 

W8* 

6(2, T) 


For 1 < i < n, normalize the form (•, •), on Xi such that ( S*,S *) = 0 and that for 
type -0(2,T), = (u)f,cvj) 2 . Then ((R),(-,-) \{r) x {r),R) an irreducible 

locally finite root supersystem of real type and conversely, if (X , (•, •), R) is an irre¬ 
ducible locally finite root supersystem of real type, it is either an irreducible locally 
finite root system or isomorphic to one of the locally finite root supersystems listed 
in the above table. Moreover, locally finite root supersystems in the above table are 
mutually non-isomorphic except for the ones of type -0(2,1, A). More precisely, For 
A, /Li G F\{0, —1}, -0(2, 1 , A) is isomorphic to -0(2, 1 , p) if and only if A, p are in the 
same orbit under the action of the group of permutations owF\ {0, —1} generated 
by a4 a _1 and a i-A — 1 — a. 

We make a convention that from now on for the types listed in column “type” of 
Theorems 11.91 and 11.101 we may use a finite index set T and its cardinal number in 
place of each other, e.g., if T is a nonempty finite set of cardinal number £, instead 
of type B(1,T), we may write B(l,£). 

Proposition 1.11. Suppose that (A, (•,•), R) is an extended affine root supersystem 
and ~ : A — > A := A/A 0 is the canonical epimorphism. Suppose that (•, •) is the 
induced form on A defined by 

(a, b) := (a, b); (a, b € A). 


Then we have the following: 

(i) {2 (a, f3)/(a, a) \ a G Rf e ,fi G R} is a bounded subset of Z and for a G Rf e 
and p G R ns , 2(a,/3)/(a, a) G {0,±1,±2}. 

(ii) If a,/ 3 G Rf e are connected in R re , then (a, a)/((3, /?) G Q. Also each subset 
of Rf e whose elements are mutually disconnected in Rf e is Z-linearly independent. 

(Hi) (A, (•, •) ,R ) is a locally finite root supersystem. Moreover, if R is irre¬ 
ducible, then so is R. 

Proof, (i) See [191 Lem. 3.7] and follow the proof of [19] Lem. 3.8]. 

(ii) See [HI Lem. 3.6]. 

(Hi) Set V := F ® z A. Since A is torsion free, we identify A as a subset of 
V and set Vq := spanQ-R as well as V re '■= span qR re - The nondegenerate form 
(•, •) : A x A —► F induces a bilinear form 

(•, -)f : (F A) x (F (g>z A) —> F 
(r (g> a, s <g> b) := rs(a, b); (r, s G F, a, b G A). 
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Take (•, -)q to be the restriction of the form (•, -)f to Vq = spanQ.R. Using the same 
argument as in [3j Lem. 1.6], one can see that (-,-)q is nondegenerate. To carry 
out the proof, we just need to verify the root string property. To this end using [T9j 
Lem.’s 3.10 & 3.12], it is enough to show that R re = R re = {a \ a £ R re } Q F(g>A is 
locally finite in V re = spanQ.R re in the sense that it intersects each finite dimensional 
subspace of V re in a finite set. Now we assume W is a finite dimensional subspace 
of V re and show that R re H W is a finite set. Since W is a finite dimensional 
subspace of V re , there is a finite subset {or,..., a m } C R re such that W C U\ := 
spanjjfdi,..., a m }. By [T9] Lem. 3.1], there is a finite dimensional subspace U 2 
of Vq such that U\ C U 2 and the form (-,-)q restricted to U 2 is nondegenerate. 
Suppose that {Ri \ i £ 1} is the class of connected components of Rf e . To complete 
the proof using part ( ii) together with the fact that U 2 is finite dimensional, we 
need to show that for all i £ I, U 2 C\Ri is a finite set. Since U 2 is finite dimensional, 
there is a finite set {/?i,..., p n } C R such that U 2 Q spaiiQ{^i,..., /?„}. Fix i £ I 
and consider the map 


V : U 2 n R t 


Z n 


^ ( 


2(a,^i) 

(q:,q:) ' 


(a, a) * 


We claim that tp is one to one. Suppose that for a, P £ Ri, a, P £ U 2 <1 Ri and 


2 (a,&) 2(aJ n ) = 2(p,p n ) 

(a, a) (a, a) ’ 1 (p,p) (pj) ’ 


then for 1 < i < n, ■ So (■ 

- - > (a,a) (/ 3 , P) ' 

Therefore, (^ - j£^,U 2 )f = {0}. But 


a. 

(a,a) 
(a,a) 

Tm 


- Jfh) ’ = 0 for a11 1 < i < n - 

£ Q (see part (ii)) and so 


(a 


(P,P) 


P, U 2 )q = (a 


(P,P) 


7 ?, U 2 )v = { 0 }. 


So we get that a = P as the form (-,-)q on U 2 is nondegenerate. But as 
T^T’ e we S et that (“> «)/(£, P) e {±1, ±2, ±T}. If = ±2, then a = 
±2/? and so = 4 , a contradiction, also if = ±(1/2), then a = ±(l/2)/3 

and (a,a)/(P,P) = 1/4 which is again a contradiction. If (a, a) = —(P,P), then 
a = —p and so (a,a)/(p,P) = 1 that is absurd. Therefore, a = P i.e., tp is one to 
one. Also using part (i), we get that the set {I a £ T? re , /3 £ R} is bounded. 
This in turn implies that the image of tp and so U 2 C\Ri is finite. This together with 
Lemma 11.71 completes the proof of the first assertion. The last assertion follows 
from an immediate verification. □ 


Definition 1.12. Suppose that (A, (•,•), R) is an irreducible extended affine root 
supersystem. We define the type of R to be the type of R. 

Lemma 1.13. Suppose that A is a torsion free abelian group and (A, (-,-), R) is 
an irreducible extended affine root supersystem of type X A A(£,t), BC( 1,1). Then 
for each a £ A 0 , there is a nonzero integer n such that na £ (R 0 )', in particular, if 
X ^ A((,£), R° = {0} if and only if A 0 = {0}. 

Proof. Set V := Q A. Since A is torsion free, we identify A as a subset of V. 
The form (•, •) induces the symmetric bilinear form V x V — > F (with values in F) 
defined by (r ® a, s <g> b) := rs(a, b) (r, s £ Q, a, b £ A); we denote this bilinear form 
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again by (•, •). Set V° := {a £ V | (a, V) = {0}}. Suppose that “ : V —> V := V/V° 
is the canonical epimorphism and that (•, •) is the induced map on V x V. We note 
that V° = spanQ^4° and use Proposition 11.111 and Lemma 11.71 to get that R re is 
a locally finite root system in its Z-span. Therefore by [9], Lem. 5.1], there is a 
Z-basis B C R re for A re := (R re } such that 

(1-2) W B B = (R re )r ed ~ Rre \ { 2 d | a £ R re }, 

in which by Wb, we mean the subgroup of the Weyl group of R re generated by r a 
for all a £ B. Fix a* £ R x s if A is of imaginary type and set 


K := 


B if A is of real type, 

B U {«*} if A is of imaginary type. 


Then K is a basis for Q-vector space V. Take K C R to be a preimage of K under 
the canonical map “" ”, then K is a Q-linearly independent subspace of V and for 
V := spanQA', we have V = V ® V°. Now set A := {d £ V | 3cr £ V°; d + cr £ R} 
and for each d £ A, set T& := (cr £ V° | d + cr £ R}. Then A is a locally finite root 
supersystem in its Z-span isomorphic to A. Since K C API A, we have —K C AHA. 
Taking to be the subgroup of the Weyl group of R generated by the reflections 
based on real roots of AT, we have 


W k (±K)CRnR and ±W k K = 


(Rre) red if R is of real type, 

R x if A is of imaginary type. 


So 

(1.3) 


J 0 £ Ta if A is of real type and d £ ( R re )red '■= (Rre)red U {0}, 
\ 0 £ Ta if R is of imaginary type and a £ R. 


To proceed with the proof, we claim that for each d £ R and a £ T&, there is 
n £ Z \ {0} such that na £ (R°). If d = 0,Ta C R° and there is nothing to prove. 
Now the following cases can happen: 

Case 1. d £ R x e : In this case, we show that C R°. We first assume a £ 

(Rre) red i then since 0 £ Xb, a := d, /3 := d + a £ R. Now considering the a-string 
through /?, we find that cr £ R and so it is an element of R°. Next suppose that 
d £ R *g \ ( Rre)red , then there exists /3 £ ( R r e)red with d = 2/3. Now for a £ Ta, 
takeing a := /3 and /3 := d + a and considering the a-string through /3, we get that 
a £ R°. 

Case 2. R is of real type and d £ R* s : For 7 £ ( Rre)r ed and 77 £ Ta, since 7 £ 
R x e , we have r.y(d + 17 ) = fo.(d) + rj £ R. This implies that Ta CI r similarly 
we have T r .(a) Q Ta- We know that the Weyl group VV of R is generated by 
the reflections based on nonzero elements of ( R re )red and that each two nonzero 
nonsingular roots are W-conjugate as R is not of type A(£,£). These altogether 
imply that T := T& = Tp for all nonzero nonsingular roots /?. Since R is of real type 
X A BC( 1,1), A(£, £), one finds nonsingular roots /?, 7 with ( 7 , /3) A 0, /3 — 7 £ R re 
and /3 + 7 (jL R. We next note that T = = —T_a = —T and fix cr, r £ T = —T. 

Since a := /3 + cr, /3 := 7 + r, 7 := 7 — t £ R and (a,fi), (a, 7 ) A 0, there are 
r, s £ {±1} with ( := a+r/3 ,77 := a+S 7 £ R. But $+j ^ R, so ( = /3 —7 +cr —r, 77 = 
/3 — 7 + cr + r. Therefore using the previous case, we have a — t, a + t £ A 0 ; this in 
particular implies that 2cr, 2r £ (A 0 ). 
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Case 3. R is of imaginary type and a £ R* s : By m Lem. 4.5], there is 
such that (a, /3) ^ 0. We next note that T := T& = —TL^. Also as 0 £ Tg and R is 
invariant under the reflections, T := T& = T r .^ as in the previous case. Also by 

ua Lem.’s 4.6 & 4.7], we have r^a — a £ R re while r^d + d ^ R. Now for <r, r £ T, 
we have (r^d + er, d + r) ^ 0. Since r^d + d ^ i?, we get that r^a — a + o — r £ R re 
and so using Case 1, we have o — r £ R°. Thus we have T — T C R°- but 0 £ T, so 
T = T 6l C R°. 

Now suppose a £ A 0 \ {0}, then a £ V° and there are ri,..., r m £ Z \ {0} and 
a \,..., a m £ i?\{0} with a = r i a i • But for each 1 < i < m, there are on £ i?, 

rii £ Z\ {0} and £ (R°) with a t = ai + A-Si, so a = Y^Li r *di + Ya=i ffii- This 
implies that a = r 1 ^- Therefore we have n\ - ■ ■ n m a £ (R°). 

For the last assertion, we just need to assume R is of type BC( 1,1). In this case, 
regarding the description R = U dg ^(d + T A ) for R as above, T„ C R° for d £ R re 
as in Case 1. Now suppose R° = {0}, so = {0} for d £ R re . Suppose that 
R = {0, ±eo, ±d 0 , ±2eo, ±2 So, ±eo ± <5o}- Now if r, s £ {±1} and <5 £ T reo+s s 0 , since 
(reo, reo + sS 0 + S) ^ 0, we get that sdo + S £ R and so S £ T s g 0 = {0}. This shows 
that R C R and so V° = {0} which in turn implies that A 0 = {0}. This completes 
the proof. □ 

The following example shows that the condition X ^ A(£,£) is necessary in 
Lemma 1 1.1 31 This is a phenomena occurring in the super-version of root systems; 
more precisely, one knows that for an affine reflection system (A, (•, • ),R ) i.e., an 
extended affine root supersystem with no nonsingular root, R° = {0} if and only if 
A 0 = {0}; see [3]. 

Example 1.14. (i) Suppose that (A, (•,•), A!) is a locally finite root supersystem 
of type X = A(£, £) for some integer £ > 2 as in Theorem 11.101 with Weyl group 
W. Suppose that a is a symbol and set A := A © Zcr. Fix S* £ R* s and note 
that —<5* ^ W<5*. Set R := R re U ±(W<5* + a). Extend the form on A to a form 
on A denoted again by (•, •) such that a is an element of the radical of this new 
form. Set B := (R). We claim that the form (•,•) restricted to B is degenerate; 
indeed, since R is of real type, there is n £ Z \ {0} such that nS* £ ( R re ) C B , so 
no = n(5* + er) — nS* £ B which in turn implies that no is an element of the radical 
of the form on B. One can check that for a £ R ns and /3 £ R with (a, ft) ^ 0, we 
have either a + /3£RoT a — (3 £ R. Next we note that R° = {0}, the root string 
property is satisfied for R re and that for a £ R* e and /3 £ R, we have r a /3 £ R. 
These together with the same argument as in in Lem. 3.12] imply that the root 
string property is satisfied for R. These all together imply that R is an extended 
affine root supersystem with R° = {0} but it is not a locally finite root supersystem 
as the form on B is degenerate. 

(ii) Suppose that (A, (•, •), R) is a locally finite root supersystem of type A(l, 1) 
as in Theorem 11.101 Suppose that er is a symbol and set A := A © Zcr. Set R := 
R re U (Rns ± o'). Extend the form on A to a form on A denoted again by (•, •) such 
that o is an element of the radical of this new form. As above, the form restricted 
to B := (R) is degenerate and R is an extended affine root supersystem, with 
R° = {0}, which is not a locally finite root supersystem. 

Lemma 1.15. Suppose that (A, (•,•), R) is a locally finite root supersystem. Then 
we have the following: 
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(i) There is a sub-supersystem S of R with R ns = S ns a,nd (R) = ( S ) such that 
for a £ S and S £ S ns with (a, 5) ^ 0, there is a unique r £ {±1} such that 
a + rS £ S. 

(ii) Identify A as a subset of F C3>z A. If S £ R x s and k £ F with kS £ R , then 
k £ {0, ±1}. 

Proof. ( i ) Without loss of generality, we assume R is irreducible. If R is an 
irreducible locally finite root supersystem of type A' ^ A(l, 1), BC(T, T'), C(T,T') 
(|T|,|T'| > 1), we take R = S. Next suppose R is of type X = A(l, 1), BC(T, T'), 
C(T,T'). We know that R re = R 1 © R 2 with R 1 , R 2 as following: 


X 

Rf 

R 2 

A(l,l) 

{0,±a} 

{O,±0} 

BC(T , T') 

{±£i,±ei ±ej ] i,j £T} 

{±(5 p , ±5 P ±5 q \p,q £ T'} 

C(1,T) 

{0,±a} 

{±e l ±e j | i,j £ T} 

C(T, T') 

[±e i ±e j | i,j £T} 

{±(5 p ±5 q | p,q£ T'} 


Now take S = R ns U 5 1 U S 2 where S 1 , S 2 are considered as in the following 
table: 


X 

S 1 

S^ 

A( 1,1) 

{0, ±a} 

{0} 

BC(T , T') 

(0 ,±ei,±€i ± ej \i,j £T,i^ j} 

Fi 2 

C(1,T) 

{0} 

TL 1 

C(T , T') 

{0,±£i ± ej I i,j £ T,i^j} 

R 2 


This completes the proof. 

(ii) As in the proof of Proposition flTTIl the form (•, ■) on A induces an F-bilinear 
form on F A which is denoted by (•, -)f and satisfies (r <g> a,s <g> &)f = rs(a , b ) 
for r, s £ F and a,b £ A. Now suppose S £ R* s and k ^ 0 with kS £ R. Since 
<5 £ R x s , there is /3 £ R with (5, 0) ^ 0. Then for /3' := rp(S), we have (/?', 0') = 
0 and (0',5) ^ 0. So without loss of generality, we assume (0,13) = 0. Now as 
(0,5) ^ 0 and (0,k5) = ( 0,k5 )f = k(0,5) ^ 0, there are r,s £ {±1} such that 
0 + rS, 0 + skS £ R. Now we have 

(0 + sk5,0 + skS) = (0 + skS, 0 + skS) f = 2sk(0,5) and 
(0 + r5,0 + skS) = (0 + r5,13 + sk5 )f = (sk + r)(0, 5). 

If k = then k £ {±1} and so we are done; otherwise, /j+sfc^) 

an integer number. This implies that k £ {±1}. □ 

Definition 1.16. Suppose that (A, (•, •), R) is a locally finite root supersystem. A 
subset II of R is called an integral base for R if II is a Z-basis for A. An integral 
base II of R is called a base for R if for each a £ R x , there are a\,... ,a n £ II (not 
necessarily distinct) and ri,..., r n £ {±1} such that a = r\a\ + • ■ ■ + r n a n and for 
all 1 < t < n, riai + • • ■ + rtctt £ R x ■ 

Lemma 1.17. Suppose that (A,(-,-),R) is an irreducible locally finite root super- 
system of type X. Then R contains an integral base; in particular, A is a free abelian 
group. Moreover, if X ^ A(£,£), R possesses a base. 

Proof. Contemplating [9] Lem. 5.1] and [8j §10.2], we assume that R ns ^ {0} and 
take R to be one of the root supersystems listed in Theorems 11.91 or 11.101 In what 
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follows for index sets T and T' with |T|, \T'\ > 2 and a positive integer I, we use 
the following notations: 


A.'j' 

{a - tj | i,j G T} 

BC-l 

{ 0 , ±eo, ± 2 eo}, { 0 , ±<5o, ±2<5o} 

A.rj-1 / 

{<5 P ~b q | p,q G T'} 

B'jp 

{0, ±e;, ±a ± tj i,j £T,i =£ j} 

C T 

(±e; ± ej I i, j G T} 

Brp! 

{ 0 , ±<5 P , ±<5 P ± 5 q | p,q &T',p^ q} 

c T , 

{±S„±5 q \p,q& T’} 

Ai 

{ 0 , ±e 0 }, { 0 , ±<5o}, { 0 , ± 70 } 

D'j' 

Bt n Ct 


{< 5 » - Sj 1 < i, j < £+ 1} 

bc t , 

Brjpf U C'J’f 


Ui~ tj 11 < *, j < £+ 1 } 

BC'j' 

Bt U Ct 

g 2 

{0,±(e i -e j ),±(2e i -e j -e t ) \ = {1,2,3}} 


In addition, we fix to £ T and Po G T' and consider the notations as in Theorems 
11.91 and 11.1 01 We next take II to be as in the following table: 


type 

n 

A(0,T) 

{a*, tt — t to | t G T \ {to}} 

0(0, T) 

{ a*,2tt 0 ,tt — tt 0 | t G T \ {to}} 

A(T, T') 

{a*, tt — tt 0 ,5 t ' — S p o | t G T \ {to}, t' G T 1 \ {po} 


{ti — ti+l,U>i + U>2,5 r — <U +1 \<i<£— 1,1 <r <1} 

B(T,T') 

{tt 0 , tt — tt 0 , 5 P — tt 0 | t G T \ {t 0 },p G T'} 

BC(T, T') 

{et 0 ,tt — tt 0 ,S p — t to | t G T \ {t 0 },p G T'} 

BC( 1,1) 

{eo, to + £0} 

BC(1,T) 

{eo, tt 0 , t t — t to | t G T \ {to}} 

D(T, T') 

{ 25 PO , 5 P — 5 P0 ,tt — S P0 | p G T 1 \ {po}, t G T} 

C(T, T') 

{2 tt 0 ,tt. — tt 0 ,S p — tt 0 | t G T\ {to},P G T'} 

B(1,T) 

{eo? to — tt | t G T} 

0(1, T') 

{eo, 4 £ o - S p | p G T'} 

AB{ 1,3) 

{ ei — t 2 , t 2 — 63 , 1 3 , ^(eo — ei — 62 — 63 )} 

0(1, T) 

{eo, ^€0 — tt | t G T} 

B(T, 1) 

{eo, eo — tt \ t G T} 

0(1,2) 

{eo, eo —61+62, 2ei — 62 — 63} 

0 ( 2 , 1 , A) 

{eo,< 5 o, 560 + ^ 5 o + ^ 7 o} 

0(2, T) 

{eo, $0, \to + 7?$o + tt 0 ? — e *o } | t £ T \ {to}} 


One can check that II is an integral base for R and that if R is not of type A{i, £), 
II is a base for R. □ 

Using the same argument as in Lemma 3.1 of [151 and contemplating Lemma 
11.171 one has the following lemma: 

Lemma 1.18. (i) Suppose that II is a base for an irreducible locally finite root 
supersystem ( A , (•, •),!?). Then for each finite subset X C II, there is a finite subset 
Yx C II such that X C Yx and the form restricted to (Yx) is nondegenerate. 
Moreover, if X is connected, we can choose Yx to be connected. 

(ii) If II is a connected integral base for a locally finite root supersystem R, then 
R is irreducible. 

(Hi) Suppose that R is an infinite irreducible locally finite root supersystem in an 
additive abelian group A. Then there is a base II for R and a class {R 7 | 7 G T} of 
finite irreducible 7,-linearly closed sub-supersystems of R of the same type as R such 
that R is the direct union of I ? 7 ’s and for each 7 E T, II 0 R 7 is a base for R 7 . In 
particular, each finite subset of R lies in a finite h-linearly closed sub-supersystem. 
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2. Structure Theorem 

In this section, we give a description of the structure of extended affine root 
supersystems. The following proposition is a generalization of Proposition 5.9 of 
[5] to extended affine root supersystems. 

Proposition 2.1. Suppose that A is an additive abelian group equipped with a 
symmetric form. Consider the induced form (•, •) on A = A/A 0 and suppose that 
~ : A —> A is the canonical epimorphism. Assume that S is a subset of A x := A\A° 
and set B := (S). If 

• ( B , (•, •) \b x b, S U {0}) is a locally finite root supersystem, 

• S = —S and a — (3 £ S for /3 £ S* e and a £ S, 

• for a £ S ns and (3 £ S with (a, /3) ^ 0, {/3 + a, (3 — a} fl S ^ 0; 

then R := S U ((5 - S) n A 0 ) is a tame extended affine root supersystem in its 
X-span. 

Proof. To show that R is a tame extended affine root supersystem, we just need 
to prove that the root string property holds. Suppose that a £ Rf e and (3 £ R. 

Step 1.(3^ R x s : We know that a, j3 are two elements of the locally finite root 
supersystem 5u{0}. So using Lemma ll.181 there is a finite sub-supersystem $ with 
b, /3 £ $ such that (Zb + Z,5) n R C $. Set 

Ra,p ■= R n (Za + Z (3) and Xa,p ~ RC\(f3 + Za). 

Then as ( R a ,p)re is invariant under the reflections based on its nonzero elements, 
it is a subsystem of the finite root system $ re . Now we carry out the proof through 
the following two cases: 

Case 1. (Za ± Z/3) fl A 0 ^ {0}: In this case, a, (3 are Z-linearly dependent 
elements of ( R a ,/3)re , so ( R a ,p)re is a finite root system of rank 1, in other words, 
it is either of type A\ or BC\ . Then there is S £ A 0 such that 

J {0, ±1, ±2}a + 5 if /3 £ {0, ±2b, ±b} 

“ ,/3 - 1 {A 13 T «} = {/?, r a (J3)} if a £ {±2,5}. 

So the root string property holds if a £ {±2/?}. If /3 £ {0, ±2b, ±b}, then X a ^ = 
Ya + 6 where Y is a subset of {0, ±1,±2}. As R is invariant under r a , we have 
Y = —Y. If 2 £ Y, then S + a = —rs+ 2 a o: £ R that is 1 £ Y. Also if 1 £ Y, than 
5 + a £ S, and so S = (6 + a) — a £ (S — S) fl A 0 C R, that is 0 £ Y. We conclude 
that either Y = {0, ±1, ±2} or Y = {0, ±1} and so the root string property holds. 

Case 2. (Za ± Z/3) fl A 0 = {0}: If a,j3 are Z-linearly dependent, we get the 
result as in Case 1. We next suppose b,/3 are Z-linearly independent. We claim 
that the form restricted to Za + Z/3 is nondegenerate. We suppose that ra + s/3 is 
an element of the radical of the form on Za±Z/3 and prove that r = s = 0. If either 
r = 0 or s = 0, we are done. So we assume r, s ^ 0 and get a contradiction. We 
have r(a, a) + s(/3, a) = (ra ± s/3, a) = 0 and r(a, (3) + s(/3, /3) = (ra + s/3, (3) = 0. 
This implies that (b,/3)/(b,a) = —r/s and (a,i3)/(f3,j3) = —s/r. But b,/3 are 
two Z-linearly independent roots of the finite root system <f> re , so we get 4 = 
(2r/s)(2s/r) = 2 ^&) e {0,1, 2,3}, a contradiction. Therefore, the form 

restricted to Za + Z [3 is nondegenerate. Also it is immediate that R a ,p satisfies 
(S1)-(S3) and (S5). We next take </> to be the restriction of to (R a ,p)re- Since 
(Za + Z/3) ni° = {0}, (f is an embedding into <h re ; in particular, ( R a ,p)re is finite. 
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This in particular implies that the root string property holds in R a j 3 (see [TH Lem. 
3.10]) and so we are done in this case. 

Step 2 . /3 £ Rn S ■ If X a< p fl (R\ i? x s ) 7 ^ then we get the result by Step 
1. So we assume X a ,p C S* s . Therefore, for k £ Z, ka + (3 £ R implies that 
( ka + f3, ka + (3) = 0. Since (a, a) ^ 0, this gives X a< p C {/3, r a /3}. Since r a /3, f3 £ 
X a ,p, w e get X a< p = {/3,r a /3}. If (/3, a) = 0, this gives X at p = {/?}, so the string 
property holds. If (/?, a) ^ 0, then (3 + a or (3 — a lies in X a> p, so r a /3 is either 
/? + a or [3 — a; in both cases the root string property holds. This completes the 
proof. □ 

In [TH §3] and [3], Thm. 1.13], the authors give the structure of an affine reflection 
system i.e., an extended affine root supersystem whose set of nonsingular roots 
is {0}. In the following theorem, we give the structure of extended affine root 
supersystems. We see that the notion of extended affine root systems is in fact 
a generalized notion of root systems extended by an abelian group introduced by 
Y. Yoshii fTT] . More precisely, we show that associate to each extended affine 
root supersystem (A, (•, -),R) of type X, there is a locally finite root supersystem 
R as well as a class °f subsets of A 0 such that R = U dg ^(d + So)- If 

X ^ A(£,£), C( 1, 2), C(T, 2),BC(1, 1), then the interaction of S&s results in a nice 
characterization of R. 

In what follows by a reflectable set for a locally finite root system S, we mean a 
subset II of S'\ {0} such that Wn(II) coincides with the set of nonzero reduced roots 
S'* ed = S\ {2a | a £ S'}, in which llffi, is the subgroup of the Weyl group generated 
by r a for all a £ II; see [3] . We also recall form [7] that a symmetric reflection 
subspace (or s.r.s for short) of an additive abelian group A is a nonempty subset 
X of A satisfying X — 2X CI;we mention that a symmetric reflection subspace 
satisfies X = —X. A symmetric reflection subspace X of an additive abelian group 
A is called a pointed reflection subspace (or p.r.s for short) if 0 £ X. Before stating 
the structure theorem of extended affine root supersystems, we make a convention 
that if R is a locally finite root supersystem with decomposition R re = of 

R re into irreducible subsystems, by i?*, * = shflg^ex, we mean U" =1 (i?} e )*. 

Theorem 2 .2. Suppose that (A, (•,•), R) is an irreducible locally finite root su¬ 
persystem of type X with R ns ^ {0}, as in Theorems \1.9\ and \l.l(J{ and A 0 is an 
additive abelian group. Extend the form (•,•) to the form (•,•) on A ® A 0 whose 
radical is A 0 . 

(i) Suppose that X ^ A(£,£), BC(T,T'),C(T,T'),C(1,T), F is a subgroup of A 0 
and S is a pointed reflection subspace of A 0 such that 

{S) = A°, F + SCS, 2S + FCF and 

S = F if X^ B(T , T'), B(T, 1), B( 1, T). 

Then 

R := {S - S) U (R sh + S) U ((i? x \ R sh ) + F ) 

is a tame irreducible extended affine root supersystem of type X. Conversely, each 
tame irreducible extended affine root supersystem of type X arises in this manner. 

(ii) Suppose that X = BC(1,T), BC(T,T'), |T|,|T'| > 1, F is a subgroup of A 0 , 
S is a pointed reflection subspace of A 0 and E \, E 2 are two symmetric reflection 





16 


EXTENDED AFFINE ROOT SUPERSYSTEMS 


subspaces of A 0 such that 

( s } = A °, {tr + r, (7 - t} n (£Ji u f 2 ) 7^ 0 ; cr,r e F, 

F + SCS, 2S + FCF, 2F+E i CE i (if (R*. e ) lg ± 0), F + E t C F, 

S' + F* C 5, Ei + 4SCEi(i = 1,2). 

Then 

R := (S - S) U (iU + S) U (i?L + Si) U (i?L + Sa) U ((ft 9 U i&) + F) 

is a tame irreducible extended affine root supersystem of type X; conversely each 
tame irreducible extended affine root supersystem of type X arises in this manner. 

(Hi) Suppose that X = C(1,T'), \T'\ > 2, F is a subgroup of A 0 , S is a pointed 
reflection subspace of A 0 and L a symmetric reflection subspace of A 0 such that 

(S ) = A 0 , {a + t, <j — t} fl (S U L) ^ 0; a, t G F, 

F + S CF, L + F CF, L + 2F CL. 

Then 

R = (S-S) U (Rl h + S) U ((R^h U +F) U (Rf g + L) 

is a tame irreducible extended affine root supersystem of type X. Conversely, each 
tame irreducible extended affine root supersystem of type C(1,T'), \T'\ > 2, arises 
in this manner. 

(iv) Suppose that X = C(T,T'), |T| > 2, \T'\ > 2, F is a subgroup of A 0 , L\ is a 
pointed reflection subspace of A 0 and is a symmetric reflection subspace of A° 
such that 

(S) = A 0 , {a + t, a - t} fl (Li U L 2 ) 0; cr, r G F, 

Li + F C F, Li + 2F l L; (i = 1,2). 

Then 

R = F U ((R sh U i?* s ) + F) U ((RlX + Li) U ((R 2 re )ig 

is a tame irreducible extended affine root supersystem of type X. 
tame irreducible extended affine root supersystem of type C(T,T'), 
arises in this manner. 

Proof. Suppose that (A, (■,■), R) is a tame irreducible extended affine root su¬ 
persystem of type X with R ns ^ {0}, then by Proposition ll.llf w). (A, (■,■), R) 
is a locally finite root supersystem. Fix a subset II of R such that II is the cor¬ 
responding Z-basis for A as introduced in Lemma Tl. 171 Take A := (II) as well as 
R := {a € A \ 3r/ e ^4°; a + r/ £ Rj. One can see that A = A © A 0 , and that R is 
a locally finite root supersystem in A isomorphic to R. Without loss of generality, 
by multiplying the form (•, •) to a nonzero scalar, we may assume R is one of the 
locally finite root supersystems as in Theorems ll. 9l and ll. 101 with the decomposition 
R re = ®" = i-R) e for R re into irreducible subsystems and that n is as in Lemma H. 171 
Claim 1. If R is of type X A(£,i),C(T,T'),G(\,T), then R contains a 
reflectable set for R re : We note that if R is of imaginary type, then II fl R re C R 
is a reflectable set for R re . So we suppose that R is of real type and carry out the 
proof through the following cases: 


+ l 2 ) 

Conversely, each 
\T\ > 2, \T'\ > 2, 
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• Case 1 . R is of type AB( 1 , 3 ): In this case, since £i — £2, £2 — £3, £3 £ RCiR, 
we get that £1+62 = r e2 _ e3 r e2 _ ei r £3 (e2 — £3) £ i? fl i?. We note that for 
a := £i+£2, $ := £3,7 := ^(fio —£i-£2—£3) £ RC\R, we have d—7, / 3 —7 0 i?. 
Therefore d — 7, /3 — 7 ^ .R and so d — 7, $ — 7 ^ I?. This together with 
the fact that (d, 7) 7^ 0 and (/ 3 ,7) 7^ 0, implies that d + 7, /? + 7 £ I?, and 
so 77 := d + 7, ( := $ + i £ AnRC RnR. Again as (77, () 7^ 0, the same 
argument as above implies that £0 = 77 + C, £ R ■ H R. So we are done as 
{eo, £3, £1 — £2, £2 — £3} is a reflectable set for R re . 

• Case 2 . R is of type D{ 2 , 1 , A): We know that 77 := ^£o + 5^0 + ^7o, £0, £ 

R (~l R. Since 77 + £0,77 + So & R , we get that 77 + eo, 1) + Sq R and so 
77 + £ 0 ,77 + So £ R. Also as (77, £0) 7^ 0 and (77, < 5 o) 7^ 0 , we have ( := 77 — eo = 
-ie 0 + 5<5o + 57o,C := V~$o = |eo-|<^o + 57o £ RC\A. Again as (<,£) A 0 
and £ — ( £ R, we get that 70 = £ + C £ AC\R and so 70 £ Therefore, 

{eo,< 5 o, 7 o}, which is a reflectable set for R re , is contained in R. 

• Case 3. R is of type D(2,T): Using the same argument as in the previous 
case, we get that 2e to £ R n R and so {eo, <5 0 , 2e to , e t — e to | t £ T \ {f 0 }}, 
which is a reflectable set for R rei is contained in R. 

• Case 4. R is of type D(T, T'): Since for i £ T, e* — 5 Po , 2S Po £ R (7 R and 
e, — S Po — 25 Po 0 R } as above one concludes that £i + 5 Po £ R fl -R. Now for 
i,j £ T with i 7 ^ j, we have d := e^ — 5 Po , $ := e^ + (5 Po , 7 := €j — 5 Po £ RC\R 
with (d, 7 ) 7 ^ 0 and (/3, 7 ) 7 ^ 0 , but d + 7 , /3 — 7 ^ I?, so as above, we 
get that e ? ; + £j, £.; — e^ £ I? fl A. This completes the proof in this case as 
{2<5 Po , S p — S Po ,ei ±6j | p £ T' \ {po}, * 7 ^ j £ T} C i? is a reflectable set for 
-Rre • 

• Case 5. R is of type D( 1,T): We know that for t £ T, eo, ^eo — e t £ RnR 
and that eo + (^eo — £t) ^ -R, so as before, we get that ^eo + et £ -Rn.R. Using 
the same argument as in the previous case, we get that e r ± e s £ R (7 R for 
all r, s £ T with r/s. This completes the proof in this case. 

• Case 6 . R is of type B{T, T'), BC{T, T'), B{ 1, T),B(T, 1), G( 1, 2) : In these 

cases, for n re := Id fl R re and II ras := II (7 R ns , the set n re U ((II ns ± II) fl 
(-Rre)red)> which is (as above) a subset of R , is a reflectable set for R re . 

Claim 2. If X = C(T,T'),C(1,T'), then R? e \ ( R 2 re ) lg C R : We know that 
II C R fl R. So as in Case 5 of the the proof of Claim 1, we get that ±S P ±6 q £ R re 
for all p,q £T' with p 7 ^ q. Moreover, if X = C(T, T'), then for t £ T \ {^o}, since 
2e to ,£* — £(□ £ Rn R, we have that 

e* + £t 0 = r 2 e to i e t — £t 0 ) £ R H R, e r — et = r et - eto (e r — £t 0 ) £ Rn R, 

£r + £t = 1"e t -et 0 ( e r + £t 0 ) £ R H R, 2 e t = r £t() _ £t (2e to ) £ R n .R, 

for all r, t £ T with r, t £ T \ {to} and r 7 ^ t. This completes the proof of the claim. 

Claim 3. For a £ R, set 

Sa '■= {v £ A 0 | d + 77 £ Rj. 

Then we have 

, 9d) J 0£S d ifX^A(£,£),C(T,T'),C(l,T') & d £ (R re ) re d, 
l 0 £ Sa if X = C(T,T'),C(1,T') & a £ R? s \(R? e )i g , 








18 


EXTENDED AFFINE ROOT SUPERSYSTEMS 


and that 


if X ^ A(£,£),C(1,2),C(T,2), S A = Sp for all 
d, P G K l re \ {0} (1 < i < n) with (d, d) = (/3, /?) : 

To show this, suppose that d £ R* e , $ G R, r] G Sa and £ G Sp, then 
r&+r,0 + C) = P + C - + t?) = r d (/3) + (C - 

(a, a) (a,aj 

This means that 

(2.6) S $ - C S r ,py, (d € i?* e , P G R). 

p (a, a) aKHJ 

This in turn implies that 

(2.7) Sp - 2 Sp C (/3 £ i?*). 

Now suppose that i? is of type X = C(T,T'),C(l,T r ). Using Claim 2, we have 
0 £ Sa for d £ R* e \(R 2 re )i g . We next mention that for a locally finite root system of 
type C with rank greater that 2, roots of the same length are conjugate under the 
subgroup of the Weyl group generated by the reflection based on the short roots, 
therefore in this case, by (12.61) . we get Sa = Sp for all a,$ G R l re \ {0} (1 < i < n) 
with (d, d) = (/?, p). 

Next suppose that X ^ A(£,£),C(T, T'),C{1,T'). Using Claim 1, we get that 
R contains a reflectable set for R re , say B. Now for d £ (R re )red \ {0}, there are 
a,,, d i+ i £ B C R n R such that r c • • • ra t (dtt+i) = d, so as R and R are 
closed under the reflection actions, we get that d £ R fl R; in particular 0 £ Sa for 
d £ ( Rre)red ■ These all together with (12.611 and the fact that for a locally finite root 
system, the roots of the same length are conjugate under the Weyl group action 
complete the proof. 

Claim 4. Suppose that X ^ A(£,£),C(\,2),C(T,2),BC(\,\). Fix a nonzero 


<5* £ R ns nncji 

! fl R. Consider (12.51) 

and set 







Si := Sa 

dt G (R re ) s h 



F := 

and < 

Li Sa 

d £ ( R r e)lg 






Ei := Sa 

dt G ( R re ^)ex 

for 1 < i 

i < n. Then 






Si is 

a p.r.s. of 

A 0 





Ei is 

a s.r.s. of 

A 0 

if (i?; e ) ex ^ 0, 


(2.8) 

Li is 

a p.r.s. of 

A 0 

if X 


, C(T,T') and {R? re ) lg ± 0 


L 2 is 

a s.r.s. of 

A 0 

if X 

= C(l, T'), 

, C(T, T'); \T'\ >2, 


L, is 

a p.r.s. of 

A 0 

if X 

= C(T, T') 

; \T’\ > 2 

and 








(a) 

Si + Li C 

Si, 

Li + p 


if (Ri e ) lg ± 0, 

(2.9) 

(b) 

S t +E t C 

Si, 

Ei + 4,Si C Ei 

if R i re = BCi, 


(c) 

Li + Ei C 


Ei + 2 Li C Ei 

if iL re = BC P (|P| >2), 
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in which 


Pi ■■= {0,0)/{a, a), (d £ {R l re )sh, 0 e {R l re )ig if (^ e )ig) ^ 0 : 

We immediately get (12.81) using (12.41) . (12.51) and (12.71) . Now if ( R l re )i g ^ 0, there are 
d £ ( R l re )i g and 0 £ ( R l re )sh such that 2(d ,0)/{0,0) = pi and 2(/3, d)/(d, d) = 1, 
so using (USD and m , we get (12.91) (qf. If i?j. e is of type HCp for some index set 
P with |P| > 2, one finds d £ ( R l re )ex and 0 £ ( R l re )i g such that 2(d, 0)/{0, 0) = 2 
and 2(/3, d)/(d, d) = 1 and so we get (12.9l) (ci. We similarly have (12.91) 161 as well. 
Claim 5. F is a subgroup of A°, 


( 2 . 10 ) 


F + 2 Si CF; (1 < i < n ). 


and for each 5 £ i?* s , we have = F. Also 

( 2 . 11 ) 

r Si HX ^C(l,T'),BC(T,F),B(T,T'),B(T,l),B(l,Ty, 1 < t < n, 
F= \ U if-Y^C(T,T'),C(l,T) & (A; e ), g ^0; 1 < i < n, 

| Ei if X ± BC(T, T') & (Ai. e ) e:c ^ 0; 1 <i<n, 

{ S 2 if X m (7(1, T') : 


We know that W, the Weyl group of 2?, is generated by the reflections based on 
nonzero reduced roots and that if X = C(T, T'), C(l, T'), \T'\ > 2, nonsingular 
roots are conjugate with 5* under the subgroup of VV generated by the reflections 
based on the elements of {R/ e ) s h U (R^ e ) s h- So (12.61) together with (12.41) and the 
fact that a £ R if and only if —a £ R , implies that 


r S^. = S ±t . =±F wew 

1 o £ Sot d £ R ns . 


Also one can easily see that 
(2.13) 

f Rre \ ((Rl)sh U (R2)sh) 

(VV5* - VV<5*) nF x = | (Are)ex U \ {0} 


X = B(T, T'), BC(T, T'), B(l, T ), B(T, 1), 

X = <3(1, 2), 

otherwise. 


Moreover, if 1 < * < n, we have 
(2.14) 


(vitf* + (KM n i? x 


( Rre) ah 

( R-re)sh 

W8* U {Rl e 
WS* 


X = S(T, T'), BC(T, t'), S(l, T), S(T, 1), 
X = G(l, 2), i = 1, 

X = G( 1, 2), i = 2, 
otherwise 


(W<5* + (R* e )ig) n R x = VV<5*; if (Rl e ) lg ± 0, 

(WS* + (i?; e )ex) n 2? x = W<5* ; if (i?; e )e* ^ 0. 


We next note that 

if X ^ A(e,£),BC(T,T’),C{T,T'),C{l,T) and d £ R ns ,j 8 £ R with 
(d, 0) ^ 0, then there is a unique r & ^ £ {±1} with a + r A ^0 £ R 

and that 
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if X = BC(T,T'),C(T,T'),C(1,T) and d g R ns ,0 g R re with 
(d, 0) ^ 0, then there is a unique s d ^ S {±1} with d + s d ^0 £ R. 
Moreover, 


(2.16) 


for 0, 7 G with 0 + 7 , 0 — 7 G 1 ?, we have 

f 4* if X = BC(T, T'), 

0 + 'y,0-0£l R lg if X = C(T,T'), 

{ (R^UU^X if X = C(l, T); 


(see Lemmas 11.31 and fl. 151) . Therefore, 

Sa + r a,$ s 0 £ 5 d+r ^ ^^ (a£ R ns ,0 £ R, (d, 0) ^ 0) 

X ^ BC{T, T’),C(T, T'), C(l, T) 


and 

(2.17) 




(d g f?n S ,/3 e -Rre, (d, 0) ± 0) 
X = BC(T, T’), C(T, T’), (7(1, T). 


Now we drew the attention of the readers to the point that if a,0 £ R* s with 
d + 0, a — 0 £ R, although for er g S&, t £ Si, there is r £ {±1} with (d + er) + 
r(0 + t) g R, we cannot conclude that both (d + er) + (0 + r) and (d + <r) — (/3 + t) 
are elements of R. Considering this together with (12.161) and using (12.131) . we have 
for X ^ A(£,£),C(1,2),C(T,2) that 


(2.18) 


F~F C 


Ei 

Li 

Li 

S t 

S 2 

Ei, 

S> 

Li 

Ei 


S 2 , l 2 


UX = B(1,T),B(T,T'),B(T, 1), (K e ) e ^Q), 
if X = B(l, T), B(T, T'), B(T, 1), (# e ) Ifl + 0 , 
if X = BC(T,T') and {K e ) lg ± 0 , 
if X = C(T, T'), \T'\ > 2 , 
if X = C(1,T'), \T'\ > 2, 
if X = G(l, 2), 

if A' =Remain types under consideration, 

if A' =Remain types under consideration, ( R x re )i g ^ ( 

if A' =Remain types under consideration, ( R l re ) ex ^ 


for 1 < i <n. Also by (12.141) . we have 


(2.19) F + SiC 


bj if X = B(T, T'), BC(T, T'), B( 1, T), B(T, 1), G(l, 2), {i, j} = {1,2}, 

F if X ^ B(T, T'), BC(T, T'), B(l, T), B(T, 1), G(l, 2), 1 < i < n, 

F if X = G( 1, 2), i = 2. 


In addition, by (12.151) and (|2.17l) . we have 

(2.20) F + Li CF(if (RiX^®) and F + E t C F (if (R; e ) e * ± 0). 

In particular, since 0 g F, (12.181) imply that 

Li if {W re )i g ± 0 and X ± C(T, T'),C( 1, T) 

Ei if {Rl e ) ex ^Q),X^BC(T,T). 


( 2 . 21 ) 


F = 


Moreover, (12.191) implies that 

(2.22) if X = B(T, T'), BC{T, T'), 5(1, T),B(T, 1), G(l, 2 ), then Si = S 2 , 
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so for 1 < i < n, using (12.1911 . we have 


(2.23) 


F + Si C 


Si if X = B(T, T'), BC(T, T'), S(l, T). B(T, 1), G(l, 2), 

F if X it B(T, T'), BC(T, T 1 ), B( 1, T). B(T, 1). 


We also have using (12.8[) and (12.911 that Li C S, if ( R l re )i g ^$,Ei C F, if ( R l re ) ex ^ 0 
and Ei C Sj if i?* e is of type F?Ci. So by (12.181) and (12. 2211 . we have 


if X ^ C(l, T), 23(7(1,1); 1 < i < n, 
if X ^ <7(T, T'), (7(1, T) and {K e )i g + 0; 1 < i < n, 
if X ± BC{T, T') and (K e ) ex + 0; 1 < i < n, 
if X = <7(1, T'), \T'\ > 2. 

J^24l 2251 

F — F C 5i C F X ^ BC(T,T'),B(T,T'),B(1,T), 

B(T, 1), C(l, T'), 1 < i < n, 

1221 EHJ 

* F - F C L 2 c F X = BC(1,T),BC(T,T'),B(T,T'),B(1,T) 

B(T, 1); |T|,|T'| >2, 

221 12231 

F-F C 5 2 c F X = (7(1, T'); |T'| > 2 . 

This means that for types X ^ A(l,l),C{\,2),C(T,2),BC(l,\), F — F C F and 
so F is a subgroup of A 0 as 0 £ F. Also we get using (12.23|) . (12.211) and (12.241) that 

f if X^C(1,T),BC(T,T'),B(T,F),B(1,T),B(T,1); 1 < * < n, 

IF, if X^<7(T,T'),<7(1,T') and (# e ), fl ^ 0; 1 < i < n, 

| F, ; if X ^ BC(T, T') and (5j. e ) ex ^ 0; 1 < i < n, 

[ S 2 if X = (7(1, T'). 

Finally for types B(1,T), B(T, 1), (12.611 together with (12.221) implies that 

F + 2F 2 = F + 2S, = S_ eo+et - 2 ( e °i — 1E ° + et ) g eo C S £0+et = F; (f £ T), 

(eo, eoj 

and for types BC(T,T') (|T'| > 2) and B(T,T'), (12.911 fad together with (12.221) and 
(12.201) implies that 

F + 2Si = F + 2S 2 C F + F 2 C F, 
also for other types by (12.231) . we have 

F + 2SiCF+Si + SiCF + SiCF; (1 <i<n). 

This completes the proof of Claim 5. Now we are ready to complete the proof. 

(i) Assume that X ^ A(£,£), BC(T, T'), C(T, T'), (7(1, T'). If X ^ B(T,T’), 5(1, T) 
or 5(T, 1), by (12.111) . S := F = Si (1 < i < n) is a subgroup of A 0 and so F+S C 5. 
Now if X = 5(T,T'), 5(1, T),B(T, 1), by (2251) and (2251) . S := Si = S 2 and 
F + S C S. This together with (12.101) , (12.111) , (12.81) and Proposition 12.11 completes 
the proof. 

(ii) Let X = 5(7(1, T),5<7(T,T') with |T|, |T'| > 1. Then S := S x = S 2 by (2251) 
and so by (12.231) . F + 5C S. Also for i £ {1, 2}, by (12.201) . F + F, C F and by 
(12.111) . F = Li if ( R l re )i g ^ 0- Therefore we have 2F + Fj C F* if ( R l re )i g ^ 0. 


r 

(2.24) F-FC | ^ 
[ S 2 

Therefore, we have 
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Finally by (|2.9I) . we have Si + Ei C Si and Ei + 4 Si C E. t . Now we are done using 

(12.811 , (12.101) , (12.161) and proposition 12.11 

(in) Let X = C( 1, T') with \T'\ > 2. Taking S '■= S\, we have F + S C F by (12.231) . 

Also by (12.111) . F = S 2 , so we are done using (12.91) . (12.81) . (12.161) and Proposition 

m 

(iv) Let X = C(T,T') with |T|, \T'\ > 2. Using (12.111) . we have F = S\ = S 2 and 

so we are done using (12.911 together with (12.81) . (12.1611 and Proposition ^. II □ 
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